Using the different versions of phenomenological proximity potential as well as other parametrizations within the proximity concept, we perform a detailed comparative study of fusion barriers for asymmetric colliding nuclei with asymmetry parameter as high as 0.23. In all, 12 different proximity potentials are robust against the experimental data of 60 reactions. Our detailed study reveals that the surface energy coefficient as well as radius of the colliding nuclei depend significantly on the asymmetry parameter. All models are able to explain the fusion barrier heights within ±10% on the average. The potentials due to Bass 80, AW 95, and Denisov DP explain nicely the fusion cross sections at above-as well as below-barrier energies.
I. INTRODUCTION
The fusion of colliding nuclei with neutron -rich/ -deficient content and at the extreme of isospin plane has attracted a large number of studies in recent years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . This renewed interest is due to the availability of radioactive-ion beams that can produce nuclei at the extreme of isospin [1, 10, 11] . Further, this field has also been enriched with several new phenomena that put a stringent test on theoretical models derived to study the fusion phenomenon in heavy-ion reactions.
As is evident from the literature, no experiment can extract information about the fusion barriers directly. All experiments measure the fusion differential cross sections [1] [2] [3] and then with the help of theoretical model, one extracts the fusion barriers. Theoretical models are very helpful in understanding the nuclear interactions at a microscopic level. A vast number of theoretical models and potentials have become available in recent years that can explain one or the other features of fusion dynamics [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
In the galaxy of different theoretical models, proximity potential [13] enjoys very popular status. This phenomenological potential is a benchmark and backbone for all microscopic/macroscopic fusion models. It is almost mandatory to compare the potential and parametrize it within the proximity concept for wider acceptability. In recent years, several refinements and modifications have been proposed over original proximity potential [14, 15] . Further with the passage of time, different versions of the same model are also available [12] . Many of these modifications are based on the isospin effects either through the surface energy coefficients or via nuclear radius. It would be of interest to test these potentials in the isospin plane and to see how these different potentials will perform when asymmetry in the neutron/proton content is very large.
Recently, we carried out a detailed comparative systematic study of different fusion models for symmetric colliding nuclei [12] . Here we plan to extend this study for those colliding nuclei that have larger neutron/proton content. In this study, we shall compare as many as 12 proximity potentials with different versions. This will include four versions of proximity potential, three versions of potential due to Bass and Winther each and the latest potential due to Ngô and a modified version of the Denisov potential. Section II, deals with formalism in detail, Sec. III contains the results, and a summary is presented in Sec. IV.
II. FORMALISM
In this section, we present the details of various proximity potentials used for the calculation of fusion barriers. When two surfaces approach each other within a distance of 2 -3 fm, additional force due to the proximity of the surface is labeled as proximity potential. Various versions of these potentials take care of different aspects including the isospin dependence. In the following, we discuss each of them in detail.
A. Proximity 1977 (Prox 77)
The basis of proximity potential is the theorem that states that "the force between two gently curved surfaces in close proximity is proportional to the interaction potential per unit area between the two flat surfaces". According to the original version of proximity potential 1977 [13] , the interaction potential V N (r) between two surfaces can be written as:
In this, the mean curvature radius, R has the form
quite similar to the one used for reduced mass. Here
R i , the effective sharp radius, reads as
In Eq. (1), Φ(ξ =
) is a universal function that depends on the separation between the surfaces of two colliding nuclei only. As we see, both these factors do not depend on the isospin content. However, γ, the surface energy coefficient, depends on the neutron/proton excess as
where N and Z are the total number of neutrons and protons. In the present version, γ 0 and k s were taken to be 0.9517 MeV/fm 2 and 1.7826, respectively. Note that for the symmetric colliding pair i. N1+N2+(Z1+Z2) , one notices drastic reduction in the magnitude of the potential with asymmetry of the colliding pair. Interestingly, most of the modified proximity type potentials use different values of the parameter γ [14, 15] .
The universal function Φ (ξ) was parameterized with the following form:
The surface width b has been evaluated close to unity. Using the above form, one can calculate the nuclear part of the interaction potential V N (r). This model is referred to as Prox 77 and the corresponding potential as V P rox 77 N (r).
B. Proximity 1988 (Prox 88)
Later on, using the more refined mass formula due to Möller and Nix [27] , the value of coefficients γ 0 and k s were modified yielding the values = 1.2496 MeV/fm 2 and 2.3, respectively. Reisdorf [14] labeled this modified version as "Proximity 1988". Note that this set of coefficients give stronger attraction compared to the above set. Even a more recent compilation by Möller and Nix [28] yields similar results. We labeled this potential as Prox 88.
C. Proximity 2000 (Prox 00)
Recently, Myers andŚwiatecki [15] modified Eq. (1) by using up-to-date knowledge of nuclear radii and surface tension coefficients using their droplet model concept. The prime aim behind this attempt was to remove descripency of the order of 4% reported between the results of Prox 77 and experimental data [15] . Using the droplet model [29] , matter radius C i was calculated as
where c i denotes the half-density radii of the charge distribution and t i is the neutron skin of the nucleus. To calculate c i , these authors [15] used two-parameter Fermi function values given in Ref. [30] and the remaining cases were handled with the help of parametrization of charge distribution described below. The nuclear charge radius (denoted as R 00 in Ref. [31] ), is given by the relation:
where < r 2 > represents the mean-square nuclear charge radius. According to Ref. [31] , Eq. (8) was valid for the even-even nuclei with 8 ≤ Z < 38 only. For nuclei with Z ≥ 38, the above equation was modified by Pomorski et al. [31] as;
These expressions give good estimate of the measured mean square nuclear charge radius < r 2 >. In the present model, authors used only Eq. (8) . The half-density radius, c i , was obtained from the relation:
Using the droplet model [29] , neutron skin t i reads as;
Here r 0 is 1.14 fm, the value of nuclear symmetric energy coefficient J = 32.65 MeV and c 1 = 3e 2 /5r 0 = 0.757895 MeV. The neutron skin stiffness coefficient Q was taken to be 35.4 MeV. The nuclear surface energy coefficient γ in terms of neutron skin was given as;
where t 1 and t 2 were calculated using Eq. (11) . The universal function Φ(ξ) was reported as;
for ξ ≥ 2.5. Recently, Royer and Rousseau [22] modified Eq. (8) with slightly different constants as;
It is obtained by analyzing as many as 2027 masses with N, Z ≥ 8 and a mass uncertainty ≤ 150 keV. Further, the accuracy of the above formula is mainly improved by adding the Coulomb diffuseness correction or the charge exchange correction to the mass formulas [22] . We implement this radius in the proximity 2000 version instead of the form given in the proximity 2000. This new version of the proximity potential is labeled Prox 00DP [12] .
E. Bass 1973 (Bass 73)
This model is based on the assumption of liquid drop model [16] . Here change in the surface energy of two fragments due to their mutual separation is represented by exponential factor. By multiply with geometrical arguments, one can obtained the nuclear part of the interaction potential as
with R 12 = r 0 (A
2 ), d = 1.35 fm and a s = 17.0 MeV. The cut-off distance R 12 is chosen to yield saturation density in the overlap region and r o = 1.07 fm corresponding half of the maximum density for individual nucleus. We labeled this potential Bass 73.
F. Bass 1977 (Bass 77)
In this model, nucleus-nucleus potential is derived from the information based on the experimental fusion cross sections by using the liquid drop model and general geometrical arguments. The nuclear part of the potential (for spherical nuclei with frozen densities) can be written as [17] V N (r)
Note that f (s = r − R 1 − R 2 ) and Φ (s = r − R 1 − R 2 ) are the universal functions. Here radius R i is written as
The form of the universal function Φ (s) reads as
with A = 0.0300 MeV The above potential form was further improved by Bass [14] . Here Φ (s = r − R 1 − R 2 ) is now given as:
with central radius, R i as
where R s is same as given by Eq. (4). We labeled this potential as Bass 80.
H. Christensen and Winther 1976 (CW 76)
Christensen and Winther [18] derived the nucleus-nucleus interaction potential by analyzing the heavy-ion elasticscattering data, based on the semiclassical arguments and the recognition that optical-model analysis of elastic scattering determines the real part of the interaction potential only in the vicinity of a characteristic distance. The nuclear part of the empirical potential due to Christensen and Winther is written as
This form of the geometrical factor is similar to that of Bass 77 with different radius parameters
The universal function Φ(s = r − R 1 − R 2 ) has the following form
This model was tested for more than 60 reactions and we labeled it CW 76.
I. Broglia and Winther 1991 (BW 91)
A refined version of the above potential was derived by Broglia and Winther [14] , by taking Woods-Saxon parametrization with subsidiary condition of being compatible with the value of the maximum nuclear force predicted by the proximity potential Prox 77. This refined potential resulted in
MeV; (25) with, V 0 = 16π
here a = 0.63 fm and
Here radius R i has the form
The form of the surface energy coefficient γ is quite similar to the one used in Prox 77 with slight difference
where γ 0 = 0.95 MeV/fm 2 and k s = 1.8. Note that the second term used in this potential gives different results when the projectile is symmetric (N = Z) and the target is asymmetric (N > Z). This form will also give different results for larger mass asymmetry η A . Note that the radius used in this potential has same form like that of Bass with different constants. We labeled this potential as BW 91.
J. Aage Winther (AW 95)
Winther adjusted the parameters of the above potential through an extensive comparison with experimental data for heavy-ion elastic scattering. This refined adjustment to slight different values of "a" and R i as [19] a = 1
and
Here, R 0 = R 1 + R 2 only. We labeled this potential as AW 95.
K. Ngô 1980 (Ngô 80)
In earlier attempts, based on the microscopic picture of a nucleus and on the idea of energy density formalism, the potential from Ngô and collaborators enjoy special status [25] . In this model, calculations of the ion-ion potential are performed within the framework of energy density formalism due to Bruckener et al., using a sudden approximation [32] . The need of Hartree-Fock densities as input in this model limited its scope. This not only made calculations tedious, but it also hindered its application to heavier nuclei. The above-stated parametrization was improved by H. Ngô and Ch. Ngô [21] , by using a Fermi-density distribution for nuclear densities as
where C represents the central radius of the distribution and is defined in Prox 77 (see Eq. (3) with b = 1 fm). Here ρ n,p (0) is given by
Ngô parameterized the nucleus-nucleus interaction potential in the spirit of proximity concept. The interaction potential can be divided into the geometrical factor and a universal function. The nuclear part of the parameterized potential is written as [21] ;
where R is defined by Eq. (2). Now the nuclear radius R i reads as:
The equivalent sharp radius for protons and neutrons are given as;
with r 0pi = 1.128 fm; r 0ni = 1.1375 + 1.875 × 10 −4 A i fm.
The above different radius formulas for the neutrons and protons take isotopic dependence into account. The universal function Φ(s = r − C 1 − C 2 ) (in MeV/fm) is noted by
and s 0 = −1.6 fm. We labeled this potential as Ngô 80.
Denisov [20] performed numerical calculations and parametrized the potential based on 7140 pair within semimicroscopic approximation. In total, 119 spherical or near spherical nuclei along the β-stability line from 16 O to 212 Po were taken. The potential is evaluated for any nucleus-nucleus combinations at 15 distances between ions around the touching point. By using this database, a simple analytical expression for the nuclear part of the interaction potential V N (r) between two spherical nuclei is presented as;
The effective nuclear radius R i is given as;
where, proton radius R ip is given by Eq. (8) and Φ (s = r − R 1 − R 2 − 2.65) is given by the following complex form: 
Here A i , N i , Z i , R i , and R ip are, respectively, the mass number, the number of neutrons, the number of protons, the effective nuclear radius, and the proton radius of the target and projectile. The above form of the universal function not only depends on the separation distance s, but also has complex dependence on the mass as well as on the relative neutron excess content. The above parametrization is derived for different combinations of nuclei between 16 O and 212 Po.
As stated in the subsection II D, a new radius formula has become available recently [22] . We here extend the above potential due to Denisov to include this radius in its parametrization. This modified new version of the potential is labeled as Denisov DP [12] . Note that this new implementation was reported to yield very close agreement (within 1%) with experimental data for symmetric colliding pairs [12] .
If one looks on the different versions of potentials (Bass 73, Bass77, Bass 80, and CW 76), one notices that although the form of the radius is different, it is still isospin independent. Further, the corresponding universal functions are also isospin independent. The newer versions of Winther (BW 91 and AW 95) have incorporated a γ similar to the one used in the Prox 77 potential with a slightly different form. Here isospin content is calculated separately for the target/ projectile. The latest version of Ngô (Ngô 80) has some isospin dependence in the radius parameter. In most of the above mentioned potentials, modifications are made either through the surface energy coefficients or via nuclear radii. Both of these technical parameters can have sizable effects on the outcome of a reaction [33] .
Using the above sets of models, the nuclear part of the interaction potential is calculated.
By adding the Coulomb potential to a nuclear part, one can compute the total potential V T (r) for spherical colliding pairs as
Since the fusion happens at a distance larger than the touching configuration of colliding pair, the above form of the Coulomb potential is justified. One can extract the barrier height V 
The knowledge of the shape of the potential as well as barrier position and height, allows one to calculate the fusion cross section at a microscopic level. To study the fusion cross sections, we shall use the model given by Wong [34] . In this formalism, the cross section for complete fusion is given by
where k = 2µE 2 and here µ is the reduced mass. The center-of-mass energy is denoted by E cm . In the above formula, l max corresponds to the largest partial wave for which a pocket still exists in the interaction potential and T l (E cm ) is the energy-dependent barrier penetration factor and is given by,
where ω l is the curvature of the inverted parabola. If we assume that the barrier position and width are independent of l, the fusion cross section reduces to
For E cm >>V theor B
, the above formula reduces to well-known sharp cut-off formula σ f us (mb) = 10πR
whereas for E cm <<V theor B
, the above formula reduces to
We used Eq. (48) to calculate the fusion cross sections. From the above brief discussion, it is clear that the main stress is made on the surface energy coefficients γ and nuclear radii to incorporate the isospin dependence in the nuclear potential. Definitely, the response of the isospin dependent potentials will be different for asymmetric nuclei compared to symmetric nuclei. At intermediate energies, a strong effect was reported for the asymmetric reactions as well as for the mass dependence of the reaction [35] .
III. RESULTS AND DISCUSSIONS
The present study is conducted using a variety of the above-mentioned potentials. In total, 60 asymmetric reactions with compound mass between 29 and 294 (that have been experimentally explored) are taken for the present study. All nuclei considered here are assumed to be spherical in nature; however, deformation as well as orientation of the nuclei also affect the fusion barriers [26] . For uniform comparison of different models, we consider all colliding nuclei to be spherical. The lightest reaction taken is that of 12 C + 17 O, whereas heaviest one is of 86 Kr + 208 Pb. The asymmetry A s of the colliding nuclei varies between 0.02 and 0.23. The other form of the asymmetry used in the literature is the mass asymmetry η A [23, 24] . In the present analysis, η A varies between 0.0 and 0.97. Note that the non zero value of A s will involve complex interplay of the isospin degree of freedom which has strong role at intermediate energies as well. The variation of η alters the physical outcome of a reaction with η ≈ 0.0 leading to high dense matter and maximum collision volume whereas a larger value of η ≈ 1.0 will not be able to compress the matter to higher density [35] .
As stated above, the isospin dependence of the different potentials enters via surface energy coefficient γ. In Fig.  1 , we display the variation of γ (in MeV fm −2 ) with asymmetry parameter A s . Here we compare three versions of the surface energy coefficient γ used in Prox 77, Prox 88, and Prox 00 potentials along with the relation suggested in AW 95 potential. For the present analysis, the mass of the reacting partner is kept fixed equal to A 1 = A 2 = 40. The In all cases, the mass of the reacting partner is kept fixed, whereas the ratio A s is varied by converting the proton into neutrons. At the end of this series, we have the reaction of 40 10 N e 30 + 40 10 N e 30 having A s = 0.5. From the figure, we see that the surface energy coefficient γ used in the latest proximity potentials Prox 00/ Prox 00DP as well as in original version Prox 77 is less sensitive toward the asymmetry and isospin dependence, whereas the one used in the Prox 88 potential has a stronger dependence on the asymmetry of the reacting nuclei. The coefficient γ of AW 95 yields same results like Prox 77. Since nuclear potential V N (r) depends directly on γ, one can conclude that the potentials calculated within Prox 88 and Prox 77 will be far less attractive for larger asymmetries compared to the one generated using Prox 00. When colliding nuclei are symmetric (N = Z; A s = 0.0), such dependence does not play a role. In many studies [23] , one finds that neutron excess, leads to more attraction. In these studies, the total mass of the colliding pair is not fixed and as a result, this dependence is more of mass dependence than of isospin dependence.
In Fig. 2 , we display the dependence of different nuclear radii on the asymmetry parameter A s . As noted above, this parameter also plays significant role in nuclear potential and finally in the barrier calculations. We show the dependence of different forms of nuclear radii used in various potentials on the asymmetry parameter. We see that, the radius used in the Prox 77 (also in Prox 88) as well as in Bass versions (i.e., Bass 73, Bass 77, and Bass 80), and in all versions from Winther (CW 76, BW 91, and AW 95) are independent of the asymmetry content, whereas, the one used in the Prox 00, Prox 00DP (and Denisov DP), and Ngô 80 versions depends on the asymmetry content of the colliding pairs.
From Figs. 1 and 2 , we see that both these parameters can lead to significant change in the nuclear potential and ultimately in the fusion barriers even if the universal function Φ(s) is kept the same.
In Fig. 3 , we display the nuclear part of the interaction potential V N (r) at a distance of C 1 + C 2 + 1 fm for the same sets of the reactions as depicted in Figs. 1 and 2 . In addition, a series of heavier reacting partners with mass A 1 = A 2 = 80 is also taken. We display four versions of proximity potential, three versions from Bass and Winther and one each of the latest versions of Ngô and Denisov each. We see a systematic decrease in the attractive strength of the potentials with asymmetry content A s . The decrease is stronger for the Prox 88 version compared to Prox 77, Prox 00, and Prox 00DP. The Bass 73, Bass 77, and Bass 80 versions of the potential are independent of the asymmetry content. One also notices a very weak dependence in the Ngô 80 potential. Two of the three versions of Winther potential have significant dependence on the asymmetry of the reaction. The Winther 1976 potential, however, does not show such dependence due to the absence of γ term in the potential. The Denisov DP potential also shows a linear decrease in the strength of the potential with asymmetry content. These variations are stronger for heavier colliding nuclei. This figure shows true isospin dependence of the nuclear potential as the mass of the colliding nuclei is kept fixed. All those potentials that do not depend on the asymmetry parameter A s will not show any change in the structure.
We now shift from the systematic study to the study involving real nuclei. As stated above, here 60 reactions with A s between 0.02 and 0.23 and η A between 0.0 and 0.97 are taken. For all these reactions, experimental fusion barriers are known [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In Fig. 4 , we display the fusion barrier heights V B and barrier positions R B versus experimental values for the above mentioned reactions involving 12 different potentials. For the clarity of the figure, only 60 asymmetric reactions studied experimentally and covering the whole range of the mass and asymmetry are displayed. We see no clear difference with fusion barrier heights and positions. The fusion barrier heights can be reproduced within ±10% in all cases on the average. Due to the large uncertainty in the fusion barrier positions, no definite trend and conclusion can be drawn as is observed for the symmetric colliding nuclei [12] . To further understand the role of isospin content, we display, in Fig. 5 , the percentage difference of the fusion barrier heights
verses asymmetry parameter A s . In some cases, only the latest versions of the potential are shown. Interestingly, we see that Prox 77 and Ngô 80 fail to reproduce the barrier heights satisfactorily, whereas Prox 88, Bass 80, AW 95, Prox 00DP, and Denisov DP do a far better job compared to other potentials. We do not see any systematic deviation/improvement in the fusion barrier heights with the asymmetry of the colliding nuclei. We see that the potentials Prox 88, Bass 80, AW 95, and Denisov DP can reproduce the empirical barrier heights within ±5% (see the shaded regions in Fig. 5 ), whereas others need ±10% to produce the same result. The comparison of the fusion barrier positions outcome is shown in Fig. 6 . We see that due to large uncertainty in the measurements of fusion barrier positions, a large deviation is seen and all the models are able to reproduce the results within ±10%. In Figs. 7 and 8 , we display the fusion cross-sections σ f us (in mb) as a function of center-of-mass energy E cm for the reactions of 48 Fig. 8 ).
Here the latest versions of proximity parametrizations along with original proximity potential and its modifications are shown for clarity. As we see, Bass 80, Denisov DP, and AW 95 do a better job for all the systems, whereas Prox 77 and Ngô 80 fail to come closer to the experimental data. The above results are in agreement with the one obtained for symmetric colliding nuclei [12] .
IV. SUMMARY
We performed a systematic study of the role of isospin dependence on fusion barriers by employing as many as 12 different proximity-based potentials. Some of the potentials have isospin dependence via the surface energy coefficient as well as via nuclear radius. We noted that the nuclear part of the potential becomes more shallow with asymmetry of the reaction. On the other hand, a detailed comparison of different potentials does not show any preference for the isospin-dependent potential. Our comparison for 60 reactions reveals that all models can explain the fusion barrier heights within ±10%. The potentials from Prox 88, Bass 80, AW 95, and Denisov DP perform better than others. The fusion cross sections are nicely explained by Bass 80, AW 95, and Denisov DP potentials at below as well as above barrier energies.
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